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Strong-majority bootstrap percolation on regular graphs with low 

dissemination threshold 
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Abstract 

Consider the following model of strong-majority bootstrap percolation on a graph. Let r > 1 
be some integer, and p £ [0,1]. Initially, every vertex is active with probability p, independently 
from all other vertices. Then, at every step of the process, each vertex v of degree deg(u) 
becomes active if at least (deg(u) +r)/2 of its neighbours are active. Given any arbitrarily small 
p > 0 and any integer r, we construct a family of d = d(p , r)-regular graphs such that with 
high probability all vertices become active in the end. In particular, the case r = 1 answers a 
question and disproves a conjecture of Rapaport, Suchan, Todinca, and Verstraete 20]. 


1 Introduction 

Given a graph G = (V,E), a set A C V, and j £ N, the bootstrap percolation process B j(G;A) is 
defined as follows: initially, a vertex v £ V is active if v £ A, and inactive otherwise. Then, at 
each round, each inactive vertex becomes active if it has at least j active neighbours. The process 
keeps going until it reaches a stationary state in which every inactive vertex has less than j active 
neighbours. We call this the final state of the process. Note that we may slow down the process by 
delaying the activation of some vertices, but the final state is invariant. If G is a d-regular graph, 
then there is a natural characterization of the final state in terms of the k- core (i.e., the largest 
subgraph of minimum degree at least k): the set of inactive vertices in the final state of B j{G\ A) 
is precisely the vertex set of the (d — j + l)-core of the subgraph of G induced by the initial set of 
inactive vertices P \ A (see e.g. [H]). We say that Mj(G\A) disseminates if all vertices are active 
in the final state. 

Define B j(G;p) to be the same bootstrap percolation process, where the set of initially active 
vertices is chosen at random: each v £ V is initially active with probability p, independently 
from all other vertices. This process (which can be regarded as a type of cellular automaton on 
graphs) was introduced in 1979 by Chalupa, Leath and Reich [9] on the grid Z m as a simple 
model of dynamics of ferromagnetism, and has been widely studied ever since on many families 
of deterministic or random graphs. The following obvious monotonicity properties hold: for any 
A' C A" C V, if B j(G;A') disseminates, then B j(G\A") disseminates as well; similarly, if i < j 
and Mj(G;A) disseminates, then Bj(G;A) must also disseminate. Therefore, the probability that 
B j(G;p) disseminates is non-increasing in j and non-decreasing in p. In view of this, one may 
expect that, for some sequences of graphs G n , there may be a sharp probability threshold p n such 
that: for every constant e > 0, a.a.sQ B j{G n ]p n ) disseminates, if p n > (1 + e)p n ; and a.a.s. 
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it does not disseminate, if p n < (1 — e)p n . If such a value p n exists, we call it a dissemination 
threshold of B j{G n \p n ). Moreover, if limn-^ p n = p E [0,1] exists, we call this limit p the critical 
probability for dissemination, which is non-trivial if 0 < p < 1. A lot of work has been done to 
establish dissemination thresholds or related properties of this process for different graph classes. 
In particular, denoting {1, 2,... ,rt} by [n], the case of G being the m-dimensional grid [ n\ m has 
been extensively studied: starting with the work of Holroyd m analyzing the 2-dimensional grid, 
the results then culminated in [5], where Balogh et al. gave precise and sharp thresholds for the 
dissemination of Bj([n] m ;p) for any constant dimension m> 2 and every 2 < j < m. Other graph 
classes that have been studied are trees, hypercubes and hyperbolic lattices (see e.g. [3 SI EE [22]). 

In the context of random graphs, Janson et al. m considered the model Bj(G; A) with j > 2, 
G = f#(n, pj^jand A being a set of vertices chosen at random from all sets of size a(n). They showed a 
sharp threshold with respect to the parameter a(n) that separates two regimes in which the final set 
of active vertices has a.a.s. size o(n) or n —o(n) (i.e. ‘almost’ dissemination), respectively. Moreover, 
there is full dissemination in the supercritical regime provided that £f(n,p) has minimum degree 
at least j. Balogh and Pittel |8j analysed the bootstrap percolation process on random d-regular 
graphs, and established non-trivial critical probabilities for dissemination for all 2 < j < d — 1, 
and Amini [2] considered random graphs with more general degree sequences. Finally, extensions 
to inhomogeneous random graphs were considered by Amini, Fountoulakis and Panagiotou in [3]. 

Aside from its mathematical interest, bootstrap percolation was extensively studied by physi¬ 
cists: it was used to describe complex phenomena in jamming transitions |25j, magnetic systems |21| 
and neuronal activity [23j, and also in the context of stochastic Ising models m- For more appli¬ 
cations of bootstrap percolation, see the survey [I] and the references therein. 

Strong-majority model. In this paper, we introduce a natural variant of the bootstrap perco¬ 
lation process. Given a graph G = (V, E), an initially active set A CV, and r£ Z, the r-majority 
bootstrap percolation process M r (G; A) is defined as follows: starting with an initial set of active 
vertices A, at each round, each inactive vertex becomes active if the number of its active neigh¬ 
bours minus the number of its inactive neighbours is at least r. In other words, the activation 
rule for an inactive vertex v of degree deg(?;) is that v has at least [(deg(t;) + r)/2] active neigh¬ 
bours. As in ordinary bootstrap percolation, we are mainly interested in characterising the set 
of inactive vertices in the final state of and determining whether it is empty (i.e. the process dis¬ 
seminates) or not. Note that for a d-regular graph G , M r (G;A) is exactly the same process as 
B|-( d+r )/ 2 ] (G; A), and therefore the final set of inactive vertices of M r (G;A) is precisely the vertex 
set of the |_(d — r)/ 2 + lj-core of the graph induced by the initial set of inactive vertices. If G is 
not regular, the two models are not comparable. The process M r (G;p) is defined analogously for a 
random initial set A of active vertices, where each vertex belongs to A (i.e. is initially active) with 
probability p and independently of all other vertices. Note that M r (G;A) and M r (G]p) satisfy 
the same monotonicity properties with respect to A , to r, and to p that we described above for 
ordinary bootstrap percolation, and thus we define the critical probability p for dissemination (if it 
exists) analogously as before. Additionally, for any (random or deterministic) sequence of graphs 
G n , define 


p + = inf{p E [0,1] : a.a.s. M r (G n \p) disseminates} and 
p~ = sup{p E [0,1] : a.a.s. M r (G n ;p) does not disseminate}. 

2 &(n,p) is the probability space consisting of all graphs on n vertices with vertex set [n], and with each pair of 
vertices being connected by an edge with probability p, independently of all others. 
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Trivially, 0 < p~ < p + < 1; and, in case of equality, the critical probability p must exist and satisfy 
p = p~ = p + . The r-majority bootstrap percolation process is a generalisation of the non-strict 
majority and strict majority bootstrap percolation models, which correspond to the cases r = 0 
and r = 1, respectively. The study of these two particular cases has received a lot of attention 
recently. For instance, Balogh, Bollobas and Morris [6] obtained the critical probability p = 1/2 for 
the non-strict majority bootstrap percolation process Mo (G;p) on the hypercube [2] n , and extended 
their results to the m-dimensional grid [n\ m for rri > (log log n) 2 (log log log n). Also, Stefansson and 
Vallier [23] studied the non-strict majority model for the random graph 5f(n,p). (Note that, since 
^{n,p) is not a regular graph, this process cannot be formulated in terms of ordinary bootstrap 
percolation). For the strict majority case, we first state a consequence of the work of Balogh and 
Pittel [8] on random d-regular graphs mentioned earlier. Let ^ n ^d denote a graph chosen uniformly 
at random (u.a.r. for short) from the set of all d-regular graphs on n vertices (note that n is even 
if d is odd). Then, for any constant d > 3, the critical probability for dissemination of the process 
Mi is equal to 


P(d) := 1 - 


inf — - -. 

2 /£(o,i) F{d- 1,1 -y) 


(1) 


where F(d,y) is the probability of obtaining at most d/2 successes in d independent trials with 
success probability equal to y. Moreover, 


p( 3) = 1/2, min{p(d) : d > 3} = p(7) « 0.269, and lim p(d) = 1/2. (2) 

d—tOO 

The case of strict majority was studied by Rapaport, Suchan, Todinca and Verstraete [20] for various 
families of graphs. They showed that, for the wheel graph W n (a cycle of length n augmented 
with a single universal vertex), p + is the unique solution in the interval [0,1] to the equation 
p + + ( p + ) 2 — ( p + ) 3 = \ (that is, p + ~ 0.4030); and they also gave bounds on p + for the toroidal 
grid augmented with a universal vertex. Moreover, they proved that, for every sequence G n of 3- 
regular graphs of increasing order (that is, \V(G n )\ < \V{G n +\)\ for all n£N) and every p < 1/2, 
a.a.s. the process Mi(G n ;p) does not disseminate (so p~ > 1/2). Together with the result from © 
that p{ 3) = 1/2, their result implies, roughly speaking, that, for every sequence of 3-regular graphs, 
dissemination is at least as ‘hard’ as for random 3-regular graphs. In view of this, they conjectured 
the following: 

Conjecture 1 ([20]). Fix any constant d > 3, and let G n be any arbitrary sequence of d-regular 
graphs of increasing order. Then, for the strict majority bootstrap percolation process on G n , we 
have p~ > p(d). That is, for any constant 0 < p < p(d), a.a.s. the process Mi(G n ;p) does not 
disseminate. 


Observe that, if the conjecture were true, then for every sequence of d-regular graphs of growing 
order, p ~ > p(d) > p(7) ~ 0.269. This motivated the following question: 

Question 2 ([20]). Is there any sequence of graphs G n such that their critical probability of dis¬ 
semination (for strict majority bootstrap percolation) is p = 0? 

Further results for strict majority bootstrap percolation on augmented wheels were given in [18] . 
and some experimental results for augmented tori and augmented random regular graphs were 
presented in m- The underlying motivation in both papers (in view of Question [2]) was the 
attempt to construct sequences of graphs G n such that a.a.s. Mi(G n ;p) disseminates for small 
values of p (i.e., sequences G n with a small value of p + ). However, to the best of our knowledge, 
for all graph classes investigated before the present paper, the values of p + obtained were strictly 
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positive. We disprove Conjecture [l] by constructing a sequence of d-regular graphs such that p + 
can be made arbitrarily small by choosing d large enough (see Theorem [3] and Corollaries [b] and [5] 
below). Moreover, by allowing d —> oo, we achieve p + = 0, and thus we answer Question [2] in 
the affirmative. It is worth noting that, if one considers the non-strict majority model (r = 0) 
instead of the strict majority model (r = 1 ), then Question [2] has a trivial answer as a result of 
the work of Balogh et al. [5] on the m -dimensional grid [n} m . Indeed, their results imply that the 
process Mo([n] m ;p) has critical probability p = 0. (In fact, they establish a sharp threshold for 
dissemination at p(n) = A/log n — > 0, for a certain constant A > 0). However, the aforementioned 
results do not extend to the strict majority model. As a matter of fact, it is easy to show that 
the process Mi([n] m ;p) has critical probability p = 1. In order to prove this, observe that if all 
the vertices in the cube {1, 2} m or any of its translates in the grid [n] m are initially inactive, then 
they remain inactive at the final state. If p < 1, then each of these cubes is initially inactive with 
positive probability, so a.a.s. there exists an initially inactive cube and we do not get dissemination. 

Our sequence of regular graphs. To state our results precisely, we first need to define a 
sequence of regular graphs that disseminates ‘easily’. For each n E N and A = k(n ) E N, consider 
the following graph 2z?(n, k ): the vertices are the n 2 points of the toroidal grid [n] 2 with coordinates 
taken modulo n; each vertex v = ( x , y ) is connected to the vertices v + w, where w E K := 
{—A;,..., —1, 0,1,..., A’} x {—1,1}. Assuming that 2k + 1 < n (so that the neighbourhood of a 
vertex does not wrap around the torus), we have that \K\ = 2(2A + 1) = 4A + 2, and thus our 
graph J?(n, k) is (4 k + 2)-regular. Therefore, in the process M 2 r (JH’(n,k),p), an inactive vertex 
needs at least 2k + r + 1 active neighbours to become active. Next, for even n and r = r(n ) E N, 
we also consider the (random) graph 2z?*(n, k,r), consisting of adding r random perfect matchings 
to j£f(n, k ). These matchings are chosen u.a.r. from the set of perfect matchings of [n] 2 conditional 
upon not creating multiple edges (i.e. the perfect matchings are pairwise disjoint and do not use 
any edge from 2z?(n, k)). Note that Jzf*(n,k,r) is (4 k + r + 2)-regular. Moreover, the process 
M r (2z?*(n, A, r);p) has the same activation rule as M 2 r ( 2 z?(n, A);p): namely, an inactive vertex 
becomes active at some round of the process if it has at least 2A + r + 1 active neighbours. In view 
of this and since 2z?(n, A) is a subgraph of 2z?*(n, A, r), we can couple the two processes in a way that 
the set of active vertices of M 2 r (^f(n, A);p) is always a subset of that of M r (2z?*(n, A, r)\p). We will 
show that for every p > 0 (and even p = p{n) -» 0 not too fast as n —> 00 ) and every not too large 
r E N, there is A E N such that a.a.s. M r («Sf*(n, k,r)\p) disseminates. On a high level, our analysis 
comprises two phases: in phase 1, we will consider M 2 r (if(n, A);p) and show that most vertices 
become active in this phase. In phase 2, we incorporate the effect of the r perfect matchings and 
consider then M r (2z?*(n, A, r)\p) to show that all remaining inactive vertices become active. This 
2-phase analysis is motivated by the fact that the final set of inactive vertices of M r (2z?*(n, A, r);p) 
is a subset of the final set of inactive vertices of M 2 r (,£?(n, k);p), in view of the aforementioned 
coupling between the two processes. 

Notation and results. We use standard asymptotic notation for n —> 00 . All logarithms in 
this paper are natural logarithms. We make no attempt to optimize the constants involved in our 
claims. 

Our main result is the following: 

Theorem 3. Let po > 0 be a sufficiently small constant. Given any p = p(n) E [0,1], A = A(n) E N 
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and r = r(n) £ N satisfying (eventually for all large enough even n £ N), 


(log log n) 2 / 3 
(logn) 1 / 3 


<P<Po, 


1000 

P 


log(l /p) < k < 


p 2 log n 
3000 log(l/p)’ 


and 


pk 

1 <r 
~ “20 


(3) 


consider the r-majority bootstrap percolation process M r (2z?*(n, k, r);p) on the (4 k + r + 2)-regular 
graph J£*(n,k,r), where each vertex is initially active with probability p. Then, M r (.if*(n, k, r)\p) 
disseminates a.a.s. 


Remark 4. 


1. By our assumptions on p, it is easy to verify that log(l/p)~| < UoO P 01og g (l/p) J ( See © in 
the proof of Proposition 11), and so the range for k is non-empty, and the statement is not 
vacuously true. In particular, k = flMl l 0 g(l/p)] satisfies the assumptions of the theorem. 


2. Note that the lower bound required for k in terms of p is almost optimal: in Theorem 2 
of the authors showed (for the 1-majority model) that for any sequence of d-regular 
graphs (of increasing order) with d < 1/p (in the case of odd d) or d < 2/p (in the case 
of even d), a.a.s. dissemination does not occur. (For the r-majority model with r > 2, 
dissemination is even harder.) Hence, setting k = (JIM! log(l/p)], our sequence of Q(k)- 
regular graphs J£'*(n,k,r) has the smallest possible degree up to an additional 0(log(l/p)) 
factor for achieving dissemination. 


As a consequence of Theorem [3j we get the following two corollaries. The first one follows from 
an immediate application of Theorem [3] with 


p = 200 


(log logn ) 2 / 3 
(logn ) 1 / 3 ’ 


k = UoomSi/rt J and r = L 400 lo S lo S n J > 


together with the monotonicity of the process M r (J£*(n,k,r)-,p) with respect to p and r. 

Corollary 5. There is d = 0 ((logn • log logn) 1 / 3 ), and a sequence G n of d-regular graphs of 
increasing order such that, for every 

(log log n) 2 / 3 

200-^-- , < p < 1 and 1 < r < 400 log logn, 

(logn) 1 / 3 


the process M. r (G n -,p) disseminates a.a.s. 

Setting r = 1, this corollary answers Question [2] in the affirmative. The second corollary 
concerns the case in which all the parameters are constant. 


Corollary 6. For any constants 0 < p < 1 and r £ N, there exists do £ N satisfying the following. 
For every natural d > do, there is a sequence G n of d-regular graphs of increasing order such that 
the r-majority bootstrap percolation process M r (G n \p) a.a.s. disseminates. 

Proof (assuming Theorem [3]). Fix r £ N. In view of the monotonicity of the process M r (G n ;p) 
with respect to p, we only need to prove the statement for any sufficiently small constant p > 0. 
In particular, we assume that p < po (where po is the constant in the statement of Theorem [3]) 
and also that r + 3 < pk/ 20, where ko = f 4444 log(1 /p)l • For any fixed natural k > ko and any 
i £ {0,1, 2, 3}, we apply Theorem [3] with the same values of p and k but with r + i instead of 
r. We conclude that there is a sequence G n of d = (4 k + r + 2 + i)-regular graphs (of increasing 
order) such that M r+ i(G n ;p) disseminates a.a.s. (and thus M r (G n ;p) also disseminates a.a.s., by 
monotonicity). Note that every natural d > 4ko + r + 2 was considered, and hence the proof of the 
corollary follows. □ 
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In particular, since lirn^oc p(d) = 1/2 (cf. Q), Corollary [6] implies that, for every sufficiently 
large constant d, there is a sequence of d-regular graphs of increasing order such that (for the 
1-majority model) p + < p(d), which disproves Conjecture [l] 

Organization of the paper. In Section [2] we show that, given certain configurations, the set 
of active vertices of M r («£? (n, fc); A) grows deterministically. Section [3] deals with Phase 1 using 
tools from percolation theory. Section [4] then analyzes the effect of the added perfect matchings, 
and concludes with the proof of the main theorem by combining the previous results with the right 
parameters. 

2 Deterministic growth 

In this section, we show that, under the right circumstances, the set of active vertices grows 
deterministically in M r (2zf(?r, k); A). For convenience, we will describe (sets of) vertices in 2z?(n, k ) 
by giving their coordinates in Z 2 , and mapping them to the torus [n] 2 by the canonical projection. 
This projection is not injective, since any two points in Z 2 whose coordinates are congruent modulo 
n are mapped to the same vertex in [n] 2 , but this will not pose any problems in the argument. 

Given an integer 1 < m < k, we say a vertex v is m-good (or just good ) if each one of the 
following four sets contains at least 2 \k/m\ active vertices: 

v + {l,2,... ,k}x {1}; u + {l,2,...,fc}x{-l}; «-{l, 2,..., k} X {1}; v- {1, 2,..., k} X {-1}. 

Otherwise, call the vertex m-bad. 

For any nonnegative integers a and b, we define the set S!^(a, b ) C [n] 2 as 

S m(. a M = (J [-Xi,Xi] x {i}, 

|i|<m+a+l 


where the sequence Xi satisfies 


%m+a +1 — b 
Xi = x i+1 + k 
Xi = x i+ i +i\k/m] 
X-i = Xi 


m < i < m + a 
0 < i < m — 1 
0<i<m + a + l. 


(4) 


(See Figure [I] for a visual depiction of S!^(a,b).) 


Observe that, since k > m, \k/m~\ < 2k/m, and 


(a + 1) times k 


2b + 1 



k 
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Figure 1: S!^(a, b) with m = 5, k = 5, a = 2 and 6 = 7. 
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therefore 


m — 1 / \ 

xo = 6 + (a + 1 )k + ^ i\k/m\ = 6 + (a + 1)A: + \k/m\ --- < 6 + (m + a)k, 

2—1 

SO 

Sm{a, 6) C [—6 — (m + a)fc, b + (m + a)fc] x [—m — a — 1, m + a + 1]. (5) 

In particular, 

5^(0, 0) C [— 2mk, 2mk] x [—2m, 2m] and |£'^ l (0,0)| < 25m 2 /c. (6) 

Moreover, since X, > Xj+i + 1 for m < i < m + a (i.e. the length of each row increases by at least 
one unit to the left and to the right) and a symmetric observation for rows —m < i < — m — a, we 
get 

s t( 2a >°) ^ [~a, a] x [-a, a]. (7) 

A set of vertices U C [n] 2 is said to be active if all its vertices are active. Note that S^(a, b) C 
5^ (a + 1,6). The next lemma shows that, if S^(a, 6) is active and all vertices in S^fa + 1,6) are 
good (or already active), then eventually (a + 1, 6) becomes active too. 

Lemma 7. Given any integers a, 6 > 0, 1 < m < k and r < | k/m\, suppose that S!^(a, 6) is active 
and all vertices in S!^(a + 1,6) are m-good or active in the r-majority bootstrap percolation process. 
Then, deterministically S!jj(a + 1,6) eventually becomes active. 

Proof. Put k' = |~A;/m] > 2. Note that any vertex with at least 2k + k' active neighbours has at 
most 2k + 2 — k' inactive neighbours, and thus becomes active since (2k + k') — (2k + 2 — k') = 
2(k' — 1) > k' > r. Our first goal is to show that we can make active one extra vertex to the right 
and to the left of each row in S^(a, 6). Let Xj be as in Q. For each 0<i<m + a + l, consider 
the vertex Vi = (xj + 1,7). Observe that u* E S^(a + 1,6), so it must be active or good. If Vi is 
active, then we are already done. Suppose otherwise that v t is good. By the definition of S^(a, 6), 
V{ has at least min{fc + (i — 1 )k > , 2k} neighbours in S^(a, b) one row below, and rnaxjA: — ik' , 0} one 
row above, so in particular at least 2k — k! neighbours in S^ (a,b), which are active. Additionally, 
since Vi is good, it has at least 2k! extra active neighbours above and to the right, so it becomes 
active. By symmetry, we conclude that, for every |i| < m + a + 1, vertices (—Xi — 1,7) and (xi + 1, i) 
become active. Therefore, all vertices in S^(a, 6+ 1) become active. 

A close inspection of a yields the following chain of inclusions: 

Sf n (a, 6) C Si(a, 6 + 1) C ■ ■ • S k m (a, b + k)C S k m (a + 1,6). (8) 

In view of this, the same argument can be inductively applied to show that for every 0 < j < k — 1, 

if all vertices in S^a, 6 + j) are active, then we eventually reach a state in which all vertices in 
S k n (a, 6 + j + 1) become active as well. (Note that the argument requires that the newly added 
vertices V{ satisfy Vi E S^(a + 1, 6), which follows from Q.) 

Finally, observe that all vertices in [—6, 6] x {—m — a — 2,m + a + 2} have 2k + 1 neighbours in 
Sm(a, b + k ) (either in the row below or the row above). Since these vertices are good, they have at 
least 4 k! active neighbours not in S^ (a, b + k), and thus they become active too. We showed that 

all vertices in S^a + 1, 6) became active, and the proof of the lemma is finished. □ 

We consider two other graphs _Sfi(n) and «£?oo( to) on the same vertex set [n] 2 as J£(n,k). Two 
vertices (x,y) and (x',y') in [n] 2 are adjacent in +£\ (n) if 


x' = x 

y' — y = ±1 mod n; 
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?/ = y 

x' — x = ±1 mod n. 



Similarly, (x,y) and (x',y') are adjacent in JzfocfYi) if 


(x,y) / (x',y') and 


x' — x = 0, ±1 mod n 
y' — y = 0, ±1 mod to. 


In other words, Jz ?i(n) is the classical square lattice n x to, and 2z?oo(n) is the same lattice with 
diagonals added. Given any two vertices u, v £ [n] 2 , the ^-distance and ^-distance between u 
and v respectively denote their graph distance in Jz?i( to) and 2 z?oo(to). (These correspond to the 
usual l\- and ^-distances on the torus.) Also, we say that a set U C [n] 2 is i\-connected (or 
connected) if the subgraph of Jz?i( to) (or Jtfoo(n)) induced by U is a connected graph. Given two 
sets U, U' C [n] 2 , we say U' is a translate of U if there exists (x, y) £ Z 2 such that U' = (x, y) + 17 
(recall that we interpret coordinates modulo n). 

Lemma 8. Let k,7n,r £ Z satisfying 1 < m < A and r < [A/m]. Suppose that U C [n] 2 has the 
following properties: U is l\-connected; all vertices in [n] 2 within l\-distance at most 32mk 2 /rom 
17 are m-good (or active); and U contains an active set S which is a translate of S!f n ( 0,0). Then, 
eventually U becomes active in the r-majority bootstrap percolation process. 

Proof. Without loss of generality, we assume that S = S^( 0,0) (by changing the coordinates 
appropriately). Then, by ([6]), S is contained inside the square Q = [—2mk, 2 mk] X [—2mA:, 2mA;]. We 
weaken our hypothesis that S C U, and only assume that QnU 7 ^ 0. Let S' = 5^(14mA:, 0). By ([ 5 ]), 
S' C [—15mA: 2 ,15mA 2 ] x [—15mA 2 ,15mA 2 ]. Therefore, every vertex in S' must lie within .^-distance 
30mA 2 + Amk < 32mA 2 from U, and thus must be good (or already active). We repeatedly apply 
Lemma [t] and conclude that S' eventually becomes active. By 0, S^(14mA,0) 7> [—7mA, 7mA] 2 , 
so S' contains not only the square Q, but all 8 translated copies of Q around it. More precisely, 
for every i,j £ { — 1, 0,1}, 

S' D Qij, where Q l3 = (Amk + l)(z, j) + Q. 


Hence, all nine squares Qij eventually become active. 

Note that, for any x, y £ Z, the translate Q = (x, y) + Q contains S = ( x , y) + S. Therefore, if 
Q is active and intersects U, the argument above shows that all nine squares 

Qij = (4mA + 1 )(i,j) + Q 


eventually become active as well. We may iteratively repeat the same argument to any active 
translate of Q that intersects U. Since U is Id-connected, we can find a collection of translates 
of Q that eventually become active and whose union contains U. This finishes the proof of the 
lemma. □ 


2.1 The t-tessellation 

Given any integer 1 < t < n, we define the f-tessellation T(n, t) of [n 2 ] to be the partition of [n] 2 
into cells 

Cij = [ai + l,a i+ i] x [aj + l,a J+ i], 0 < i, j < [n/t\ - 1, 

where ai = it for 0 < i < [n/t\ — 1 and ay n / t 1 = n. Most cells in T(n, t) are squares with t vertices 
on each side, except for possibly those cells on the last row or column if t j n. These exceptional 
cells are in general rectangles, and have between t and 2 1 vertices on each side. 

We may regard the set of cells T(n, t ) of the t-tessellation as the vertex set of either 2zfi([n/tJ) or 
^oo(Ln/tJ) (that is, T(n,t ) ~ [ |_n/iJ ] *") by identifying each cell Cij £ T(n,t) with (i,j) £ [L n AJ]~- 


Call each of the resulting graphs Jzfi (n,t) and 2z?oo (n,t), respectively. In other words, the vertices 
of Jz?i(n, t) are precisely the cells in T(n, t) ~ [] 2 , and each cell is adjacent to its neighbouring 
cells at the top, bottom, left and right (in a toroidal sense); and a similar description (adding the 
top-right, top-left, bottom-right and bottom-left cells to the neighbourhood) holds for J2?oo (n,t). 
To avoid confusion, we always call the vertices of (n,t) ~ Jz?i( [n/t \) and Jz?oo(n,t) ~ -^oo(L n AJ) 
cells, and reserve the word vertex for the original graph _£f(n, k). 

For i G {l,oo}, we say that a set of cells Z C T{n,t) is li-connected , if Z induces a connected 
subgraph of 2zfj(n, t). Also, the ^-distance between two cells C and C" corresponds to their graph 
distance in the graph of cells J£i{n,t). This should not be confused with the ^-distance (in Jz?j(n)) 
between the vertices inside C and C'. Sometimes, we will also refer to the ^-distance between a 
vertex v and a cell C. By this, we mean the minimum distance in 2z?i(n) between v and any vertex 
u £ C. 

Given 1 < m < k, we say that a cell C G T(n,t) is m-good (or simply good) if every vertex 
inside or within ^-distance 2>2mk 2 of C is good or active. Otherwise, we call it bad. Note that 
deciding whether a cell C is good or bad only depends on the status of the vertices inside or within 
li-distance 32 mk 2 + k +1 from C. We call a cell a seed if it contains an active translate of 5^(0,0). 
(By ([6]) , this definition is not vacuous if t > Amk + 1.) 

In view of all these definitions, Lemma [8] directly implies the following corollary. 

Corollary 9. Let k,m,r,t G Z satisfying 1 < m < k, r < \k/m\ and 1 < t < n. Suppose that Z 
is an ti-connected set of cells in T{n,t ) such that all cells in Z are m-good and Z contains a seed. 
Then, in the r-majority bootstrap percolation process, eventually all cells in Z become active. 


3 Percolative ingredients 


In this section, we consider the f-tessellation T(n, t) defined in Section 2.1 for an appropriate choice 
of t. We combine the deterministic results in Section [2] together with some percolation techniques 
to conclude that eventually most cells in T(n , t) (and thus most vertices in L£{n, k)) will eventually 
become active a.a.s. This corresponds to Phase 1 described in the introduction. 

Throughout the section, we define n = [n/t\ and assume t hat n —> oo as n —> oo. We identify 
the set of cells T(n, t) with [n] 2 in the terms described in Section 2.1 and consider the graphs of cells 
J 2 ?i (n,t) — Jz?i(h) and Jzfoo^, t) — 2z?oo(^)- Recall (for i G {l,oo}) the definitions of ^-connected 
sets of cells and ^-distance between cells from that section. Moreover, define an £,-path of cells 
to be a path in the graph _§?j(n), and the ^-diameter of an ^-connected set of cells Z to be the 
maximal ^-distance between two cells C,C' G Z. (The £j-diameter of Z is also denoted diarri^. Z.) 
Finally, given a set of cells Z, an ^-component of Z is a subset CC2 that induces a connected 
component of the subgraph of «Sfj(n) induced by Z. 

We need one more definition to characterize very large sets of cells that “spread almost every¬ 
where” in [n] 2 . Set A = 10 8 hereafter. Given any e = e(n) G (0,1) and a set of cells Z C [n] 2 , we 
say that Z is e-ubiquitous if it satisfies the following properties: 


(i) Z is an ^-connected set of cells; 

(ii) \Z\ > (1 — Ae)h 2 -, and 

(iii) given any collection ■ ■ ■ ,Bj of disjoint ^oc-cormected non-empty subsets of [n] 2 \ Z , 

A 

min { diain^ B, } < log(1/g) log (n 2 /j) . (9) 
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In particular, (iii) implies that 

(iv) every f^-connected set of cells B C [h] 2 \ Z has foc-diameter at most log (^) log(n 2 ). 

Our goal for this section is to show that a.a.s. there is an e-ubiquitous set of cells that eventually 
become active. As a first step towards this, we adapt some ideas from percolation theory to find an 
e-ubiquitous set of good cells in [n] 2 . We formulate this in terms of a slightly more general context. 
A 2-dependent site-percolation model on 2z?i(n) is any probability space defined by the state (good 
or bad) of the cells in [n] 2 such that the state of each cell C is independent from the state of all 
other cells at fi-distance at least 3 from C. We represent such probability space by means of the 
random vector X = (Xc)ce[n\ 2 > where Xc is the indicator function of the event that a cell C is 
good. In this setting, let Q = {C £ [ n ] 2 : Xc = 1} be the set of all good cells, and let Go be the 
largest I 1 1 -component of Q (if Q has more than one 1 1 -component of maximal size, pick one by any 
fixed deterministic rule). 

Lemma 10. Let eo > 0 be a sufficiently small constant. Given any e = e(n) satisfying n -1 / 3 < e < 
eo, consider a 2-dependent site-percolation model X on JZ'ifn), where each cell in [n] 2 is good with 
probability at least 1 — e. Then, a.a.s. as n —>• oo ; the largest l\-component Go of the set of good 
cells is e-ubiquitous. 

Proof. Throughout the argument, we assume that eo is sufficiently small so that e meets all the 
conditions required. Let Go = [n] 2 \ Go- Our first goal is to show the following claim. 

Claim 1. A.a.s. every t' oc -component of Go has ^-diameter at most n/2. 

For this purpose, we will use a classical result by Liggett, Schonmann, and Stacey (cf. The¬ 
orem 0.0 in [16)) that compares X with the product measure. Given a constant 0 < po < 1 
(sufficiently close to 1), consider X = (Xc)ce[n] 2 > in which the Xc are independent indicator vari¬ 
ables satisfying Pr {Xc = 1) = po, and define G = {C £ [n] 2 : Xc = 1}. If eo (and thus e) is small 
enough given po , then our 2-dependent site-percolation model X stochastically dominates X , that 
is, E (F(G)) > E (F(G)) for every non-decreasing function F over the power set 2l n l 2 (i.e. satisfying 
F(Z) < F(Z' ) for every 2C2'C [n] 2 ). 

Set s = [n/4] and, for i,j £ {0,1,2,3,4}, consider the rectangles (in Z 2 ) 

IZij = ( is,js ) + [l,s] x [1,2s] and 72' w = ( is,js ) + [1,2s] X [l,s]. 

We regard 72,j and 72 C as subsets of the torus [n] 2 by interpreting their coordinates modulo n. 
Note that, if 4 | n then some of these rectangles are repeated (e.g. 72-0,0 = T^o), but this does not 
pose any problem for our argument. Let 72 be any of the rectangles above and Z C [n] 2 be any set 
of cells. We say that Z is td-crossing for 72 if the set Z n 72 has some ^-component intersecting 
the four sides of 72. It is easy to verify that if Z is -7 1 -crossing for all 72 ,j and all 72) ? , then every 
foo-component of [n] 2 \ Z has £oo-diameter at most 2s < n/2. If po is sufficiently close to 1, by 
applying a result by Deuschel and Pisztora (cf. Theorem 1.1 in [10]) to all 72 ij and all 72) J , we 
conclude that a.a.s. G contains an tf-component with more than n 2 /2 cells which is ^i-crossing for 
all 72 ij and all 72) ■. This is a non-decreasing event, and hence a.a.s. G has an 10-component with 
exactly the same properties (which must be Go by its size). This implies the claim. 

In view of Claim [lj we will restrict our focus to Ooo-components of Go of small diameter. 
Let Nj be the number of cells that belong to lOo-components of Go of foe-diameter d. Then, the 
following holds. 

Claim 2. For every 0 < d < n/2, 

E N d < Bh 2 e^ d+1)/A 1 (B = 10 6 ) and Var N d < (4 d + 5) 2 EA^. 
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In order to prove this claim, we need one definition. A special sequence of length j is a sequence 
of j + 1 different cells Co, C\,.... C 3 in [n] 2 such that any two consecutive cells in the sequence 
are at foo-distance exactly 3, and any two different cells are at ^-distance at least 3. Observe 
that there are at most 24 J special sequences of length j starting at a given cell Co- Moreover, by 
construction, the states (good or bad) of the cells in a special sequence are mutually independent. 

We now proceed to the proof of Claim [ 2 ] Let B be an foo-component of Go of ^-diameter 
0 < d < n/2, and let T be the set of cells inside B but at Ki-distance 1 of some cell in Go- T is 
^oo-connected (since J?i(n) and Jz?oo(n) are dual lattices) and only contains bad cells. Moreover, 
T must contain two cells C and C' at ^-distance d (with C = C' if and only if d = 0). Let 
P = C 1 , C- 2 , • • •, C m be a path joining C = Co and C = C m in the subgraph of (n) induced by 
T. From this path, we construct a special sequence Q = Dq, D \,..., Dy d / 3 j as follows. Set Do = Co 
and, for 1 < i < [d/3j, Di = Cj+ 1 , where Cj is the last cell in P at C^-distance at most 2 from 
Di- 1 . By construction, Q is a special sequence of length [d/3\ contained in B and it consists of only 
bad cells. Therefore, if any given cell D E [n] 2 belongs to an t^-component of Go of t'oo-diameter 
d, then there must be a special sequence of bad cells and length [d/ 3j starting within foo-distance 
d from D. This happens with probability at most 

(2d + 1 ) 2 24L d / 3 Jgi+LV 3 ! < ^gK^+i)/ 4 ! ^ 

where it is straightforward to verify that the last inequality holds for B = 10 6 and all d, as long 
as eo is sufficiently small. Summing over all re 2 cells, we get the desired upper bound on EA^. To 
bound the variance, we consider separately pairs of cells that are within ^-distance greater than 
2d + 2 and at most 2d + 2, and we get 

E {N d 2 ) < (E N d ) 2 + (4 d + 5) 2 E N d , 


so 

Var N d < (4d + 5) 2 EA^ d . 

This proves Claim[2j Next, let N' d = the number of cells that belong to i'oo-components 

of Go of foo-diameter at least d. Then, we have the next claim. 

Claim 3. A.a.s. for every d > 0, N' d < B'n 2 e^ d+1 ^ 5 \ where B’ = 11 B. 

Suppose first that EA^ > n 1 / 2 . By Claim [2J we must have (1 /e)T ( d + 1 )/ 4 1 < Bn 3 / 2 , so in 
particular d < logn. Then, using Chebyshev’s inequality and the bounds in Claim [2| 


Pr (N d > 2EN d ) < 


VarN d 

(EN d y 


< 


(4d + 5) 2 

EA r rf 


25 log 2 n 
— n 1 ! 2 


( 10 ) 


Summing the probabilities over all 0 < d < logn, the probability is still o(l). Suppose otherwise 
that E N d < n 1 / 2 . By Markov’s inequality, 


Pr (N d > rPJMM) < 


E N d 


^2 e r(rf+i)/5l 


( 11 ) 


Recall from Claim [ 2 I and our assumptions that EA^ < min {n 1 / 2 , Bn 2 e^ +1 ^}. If n 1 / 2 < 
Bn 2 e f( rf + 1 )/ 4 l 5 then (11) becomes 


Pr (N d > n^ d ^) < 


1 


^3/2 e r(d+l)/5l • 
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For 0 < d < 15, the bound above is o(l) as long as say e > n 1//3 . For d > 16, we have 
\(d + l)/5] + (d + 1)/100 < 0.95 [(d + l)/4], and therefore 


Pr 


(N d 


> n e 


2 fr l(d+l)/5l\ 


E (d+1)/100 


< 


< 


< 


_g0.95 e (d+l)/100 


) ~ ^3/2 e r(<m)/5l - ^3/2^0.95 \ (d+l)/4] n > 


0.075 


where for the last step we used that (1/e)r( rf +!)/ 4 l < Bn 3 / 2 . Summing the bound above over all 
d > 16 gives again a contribution of o(l). Finally, if Bri 2 ^^ 1 )/ 4 1 < n 1 / 2 , then we must have 
d > 16 since e > hT 1 / 3 . Therefore becomes 

/ \ R ~2^r(rf+l)/4l d 0.95 ,(rf+l)/100 

Pr f Nd > ^2 e r(rf+i)/5 < Se 0.05r(rf+l)/4l + (d+l)/100 < u ^ 


^2 e r(d+i)/5i 


0.075 


where for the last step we used that e^ ( <i + 1 )/ 4 l < n 3 / 2 / B. Summing the bound above over all d > 16 
gives o(l). Putting all the previous cases together, we conclude that a.a.s. for all 0 < d < n/2, 

N d < max|n 2 e r(d+1)/5l ,2EA^ d } < 2 HnV (d+1)/51 . 

The same is true for d > n/2 by Claim [TJ Hence, a.a.s. for all d > 0, 

N' d = J2Ni< 2HnV ( ' m)/5 " 1 ^ 5e i < llBn 2 e^ d+1)/5 \ 


i>d 


i> 0 


This proves Claim [3j 

Finally, assume that the a.a.s. event in Claim [ 3 ] holds. Given any 1 < j < n 2 , set 


d = 


5 \og(B'rr / j) 
log(l/e) 


Then, [(d + l)/5] > and so 


N' d < H'nV (d+1)/51 < j. 


Therefore, given any disjoint ^ 00 -connected non-empty sets Bi, B 2 , ■ ■ ■, Bj C Go (not necessarily 
components), at least one of the j sets must have t' oc -diameter strictly less than d. Hence, 


min { diarm Bi ) < d — 1 < 

l<i<j 1 00 J 


5 log(n 2 /j) + 5 log B' 
log(l/e) 


51og(n 2 /j) 

log(l/e) 


This proves part (iii) of the definition of e-ubiquitous for Go- Part (i) is immediate since Go is t\- 
connected by definition. Finally, since JVq < B'n 2 e, then \Go\ > n 2 (l — B'e), which implies part (ii). 
So Go is e- ubiquitous. □ 


in order to show that most of the cells 

become active during Phase 1 of the process. 


The next result combines Corollary P and Lemma 10 


Proposition 11. Let 0 < po < 1 be a sufficiently small constant. Given any p = p(n) E M, 
k = k(n) E N and r = r(n) E Z satisfying (eventually for all n & N sufficiently large) 


onn ( lo S lo g n ) 2/3 / / 

200 -—- < p < po, 


log 1 / 3 


n 


1000 

P 


log(l /p) < k < 


p 2 log n 
3000 log(l /pY 


and 


r < pk/9, (12) 
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define 

t = t(n) = 100A 3 and e = e(n) = A; -100 . (13) 

Consider the r-majority bootstrap percolation process M r («Sf(n, k);p), and the t-tessellation T(n, t ) 
of [n] 2 into h 2 = [n/t\ 2 cells. Then, a.a.s. the set of all cells that eventually become active contains 
an e-ubiquitous i\-component. 


Proof. Assume that po is sufficiently small and n sufficiently large so that the parameters p, k, t 
and £ satisfy all the required conditions below in the argument. (In particular, we may assume 
that k , r, t are larger than a sufficently large constant, and e is smaller than a sufficiently small 

and k\ = 


constant.) Define ko = 
enough, 

ko < 


^log(l fp) 


p 2 log n 


3000 log (1/p) 


From (12) and since po is small 


2000 

p 


log(l /p) = 


2000p 2 log 2 (l/p) < 2000 p 2 logn 


p 3 log(l/p) 


200 3 log(l /p) 


< Ai 


(14) 


so there exist k G N satisfying ko < k < k\, and thus the statement is not vacuous. Later in the 
argument we will need the bound 


^ t log k > of^ 0 , lQ g fc > ^ log k> HI log k. (15) 

8 8 log k 8 log ko 8 

Define m = \8/p ~], so in particular 

9 

m < - < ko < k, 

p 

as required for the definition of m-good. Moreover, k < k\ < logn < , so every vertex of 

2z?(n, k) has exactly 4A + 2 neighbours (i.e. neighbourhoods in «Sf(n, k) do not wrap around the 
torus). The number of vertices that are initially active in a set of k vertices is distributed as 
the random variable Bin(A,p). Thus, by Chernoff bound (see, e.g., Theorem 4.5(2) in [FT]), Hie 
probability that a vertex is initially m-bad is at most 


4Pr(Bin(fc,p) < 2["A;/m]) < 4Pr(Bin(A,p) < (1 — 1/2 )pk) < 4exp(— pk/8), (16) 

where we used that 2 \k/m\ < 2|"pA:/8] < pk/2. 

Now consider the t-tessellation T(n, t) of [n] 2 with t = 100& 3 . In particular, we have 

t < 100/ci 3 < log 3 n < n, (17) 


so T(n,t) is well defined. For each cell C G T(n,t), let Xc denote the indicator function of the 
event that C is m-good. Recall that every cell C is a rectangle with at most 2 1 vertices per side, 
and thus C has at most (2t + 64mA 2 ) 2 < 300 2 A 6 vertices within 7i-distance 32 mk 2 . Then, by (16), 
(15) and a union bound, 


Pr (Xq = 0) < 4(30CrAr) exp(— pk/8) < 600 2 A b exp(—111 log k) < (l/fc) luu = e. 


Moreover, the outcome of Xq is determined by the status (active or inactive) of all vertices within 
Ai-distance 32 mk 2 + k + 1 < 100mA 2 < t from some vertex in C. All these vertices must belong to 
cells that are within fi-distance at most 2 from C (recall that this refers to the distance in the graph 
of cells Jzfi (n,t)). Therefore, for every cell C G T(n,t ) and set of cells Z C T{n,t ) such that C is at 
Ai-distance greater than 2 from all cells in Z. the indicator Xq is independent of (Xc)c'ez- Hence, 
X = (Xc)ceT(n, 4 ) is a 2-dependent site-percolation model on the lattice 2z?i (to, t) with Pr( Xq = 
1) > 1 — e. Observe that X satisfies the conditions of Lemma 10 assuming that e = (1/A) 100 is 
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small enough (which follows from our choice of po) and since e > Aq 100 > log 100 n > \n/t\ 1 /,;i 
(recall by © that t < log 3 n, so the number of cells in T(n,A) is n 2 = \n/t\ 2 —> oo.) Then, by 
Lemma [lOj the largest Ai-component Go induced by the set of m-good cells is a.a.s. e-ubiquitous. 
In particular 

Pr ( |L7 0 1 < (1 — Ae) \n/t\ 2 ) = o(l), (18) 

where A = 10 8 . We want to show that a.a.s. Go contains a seed. For each cell C E T(n, t), let Yq 
be the indicator function of the event that 


Sc — ( x + L^/ 2 J , y + LV 2 J ) + S^(0, 0) 


is initially active, where (x,y) are the coordinates of the bottom left vertex in C. By ([6]) , Sc is 
contained in C, and at Id-distance greater than \t/2\ — 2 mk > 40A 3 > 32mA’ 2 + k + 1 from any 
other cell in T(n, f), and therefore Yc depends only on vertices inside C and at distance greater 
than 32mA’ 2 + k + 1 from any other cell. In particular, Yc = 1 implies that C is a seed. Moreover, 
for any two disjoint sets of cells Z. Z' C T(n, A), the random vectors (Yc)cez and (Xc)c'eZ' are 
independent, since they are determined by the status of two disjoint sets of vertices. For the same 
reason, (' Yc)cez and (Yc)c'ez 1 are also independent. By ([b]) and (12), the probability that a cell 
C is a seed is at least 


p r (Yc = 1) > p 25m2k > p 25 ( 9 /p) 2 (P 2l °g n )/(30001og(:L/p)) _ g—(45 2 /3000) logn > n ~l 
For each cell C, define Xq = 1 — Xq and Yc = 1 — Yc- Moreover, for each set of cells Z. let 


(19) 


-Y 2 =l\Xc, Xz=H Xc, Yz=l[Yc and Y z = J] Yc- 
cez cez cez Cez 

Now fix an Ai-connected set of cells Z containing at least an 1 — Ae fraction of the cells, and let dZ 
be the set of cells not in Z but adjacent in Jz?i(n, t ) to some cell in Z (i.e. the strict neighbourhood 
of Z in 2z?i(n,A)). Since Ae < 1/2, the event Go = % is the same as XzXqz = 1. Furthermore, 

Pr {(Yz = 1) n ( X z Xqz = 1)) = Pr {{Y z = 1) D (X dz = 1)) - Pr((i^ = 1) D (X z = 0) n (. X az = 1)) 

< Pr (Yz = l)Pr (X d z = 1) - Pr(F^ = l)Pr((X 2 = 0) n (. X dz = 1)) 
= Pr (Y z = l)Pr (XzXqz = 1), 


where we used that Yz and Xgz are independent (since Z and dZ are disjoint sets of cells) and 
the fact that events (Yz = 1) and (Xz = 0) n ( Xgz = 1) are positively correlated (by the FKG 
inequality — see e.g. Theorem (2.4) in |12j — since they are both decreasing properties with respect 
to the random set of active vertices). Therefore, using (19), the independence of Yc and © , we 
get 


Pr (Yz = 1 I Go = Z) < Pr (Y z = l) = ]J Pr(T C = 0) < (l - n" 1 )' 2 ' 

Cez 

< exp (—n -1 (l — Ae)[n/t] 2 ) < exp (1 — ^4e)n^ 1+15 / 8 j = o(l). 

This bound is valid for all Z with \Z\ > (1 — Ae)[n/t\ 2 , and hence 

Pr((C?o has no seed) n \Go\ > (1 — Ae)[n/t\ 2 ) = o(l). 


Combining this with (|l8j), we conclude that Go has a seed a.a.s. When this is true, deterministically 
by Corollary [9j Go must eventually become active. Since we already proved that Go is a.a.s. e- 
ubiquitous, the proof is completed. □ 
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4 The perfect matchings 


In this section, we analyze the effect of adding r extra perfect matchings to 2z?(n, k) regarding the 
strong-majority bootstrap percolation process, and prove Theorem [3j Throughout this section we 
assume n is even, and restrict the asymptotics to this case. An r-tuple = (^# 1 , ^# 2 , •.., ./# r ) of 
perfect matchings of the vertices in [n] 2 is k-admissible if .JL.\ U .#2 U ■ ■ ■ U .J^ r U 2z?(n, k) (i.e. the 
graph resulting from adding the edges of all to 2z?(n, k)) does not have multiple edges. Observe 
that, if 1 < r < n/2, then such ^-admissible r-tuples exist: for instance, given a cyclic permutation 
a of the elements in [n/2], we can pick each .Jfj to be the perfect matching that matches each 
vertex (x,y) £ [n/2] x [n] to vertex (n/2 + y). Note that 2z?*(n, &;) is precisely the uniform 

probability space of all possible graphs ,y#i U 2 U • • • U ./$ r U 2z? (n, k ) such that .M is a fc-admissible 
r-tuple of perfect matchings of [n] 2 . 

The following lemma will be used to bound the probability of certain unlikely events for a 
random choice of a fc-admissible r-tuple of perfect matchings of [n] 2 . 

Lemma 12. Let SC ZC [n] 2 with IS] = 4s for some s > 1, \Z\ = z, and suppose that z + 2(4£: + 
r + 2) 2 (4rs) < n 2 /2 and 4 erz < n 2 /2. Let .M = ^# 2 , • • ■, ^r) be a random k-admissible 

r-tuple of perfect matchings of [n] 2 . The probability that every vertex in S is matched by at least 
one matching in to one vertex in Z is at most 

(16 rz/n 2 ) 2s . 

Proof. Let H w be the event that there are exactly w edges in U .#2 U • • • U -yM r with one endpoint 
in S and the other one in Z (possibly also in S). Note that the event in the statement implies that 
[_) 2 s<w<Ars Hw holds. We will use the switching method to bound Pr (H w ). For convenience, with 
a slight abuse of notation, the set of choices of that satisfy the event H w is also denoted by H w . 

Given any arbitrary element in H w (i.e. given a fixed /c-admissible r-tuple satisfying event 
H w ), we build an element in Ho as follows. Let u\Vi,U 2 V 2 , ■ ■ ■, u w v w be the edges with one endpoint 
Ui £ S and the other one Vi £ Z (if both endpoints belong to S, assign the roles of Ui and Vi in 
any deterministic way), and let 1 < c* < r be such that re^re* belongs to the matching .M Ci . Let 
R = {ui ,..., u w , v \,..., Vw}. Throughout the proof, given any U C [re] 2 , we denote by N(U) 
the set of vertices that belong to U or are adjacent in ,/^\ U ,y #2 U • • • U U Jf(re, k ) to some 
vertex in U. Now we proceed to choose vertices u\. u ' 2 ,..., v/ w and v \, v ' 2 ,..., v' w as follows. Pick 
u\ (f N(N(R )) U Z and let v[ be the vertex adjacent to u± in .M cx ; for each 1 < i < r, pick 
u[ N(N(R U {u \,..., re(_ ( , v \,... ,r'_ 1 })) U Z and let v[ be the vertex adjacent to re' in ^ Ci . 
Since 

\N(N(R U {u[, ..., u' w , re^})) U Z\ < 4re; + 4re;(4fe + r + 2) + Aw(Ak + r + 2) 2 + z 

< 2(4/c + r + 2) 2 (4rs) + z < re 2 /2, 

then there are at least 

(re 2 / 2) w 

choices for re], re' 2 ,..., u' w (re], re],..., v' w are then determined). We delete the edges U{Vi and re're', 
and replace them by re,;re' and re*re'. This switching operation does not create multiple edges, and 
thus generates an element of Hq. 

Next, we bound from above the number of ways of reversing this operation. Given an element 
of Ho, there are exactly 4rs edges in U .^2 U • • • U incident to vertices in S (each such 
edge has exactly one endpoint in S and one in [re] 2 \ Z). We pick w of these 4rs edges. Call them 
reire], tt 2 re],..., u w u' w , where re* £ S and re' £ [n] 2 \ Z, and let 1 < q < r be such that reyre' £ ^ Ci . 
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Pick also vertices v\, V 2 , ■ ■ ■, v w E Z, and let v[ be the vertex adjacent to Vi in ^# Ci . Delete Uiu( and 
Viv[, and replace them by mvi and u'jV^. There are at most 



/4ersz 


w 


< (2 erz) w 


ways of doing this correctly, and thus recovering an element of H w . Therefore, (n 2 /2) W \H W \ < 
(2erz) w \Ho\, so Pr (H w ) < (4erz/n 2 ) w . Hence, we bound the probability of the event in the 
statement by 

4 rs 

y Pr (H w ) < (4 erz/n 2 ) w < ( 4erz/n 2 ) ^ 2~ w = 2(4 erz/n 2 ) 2s < (16r2i/n 2 ) 2s . 

w=2s w>2 s w>0 


This proves the lemma. 


□ 


Given 1 < t < n, consider the f-tessellation T(n,t ) defined in Section 2.1 Recall that we 
identify the set of cells T(n,t) with [n] 2 , where n = [n/t\. Given a /c-admissible r-tuple -M of 
perfect matchings, we want to study the set of cells 1Z C [h] 2 that contain vertices that remain 
inactive at the end of the process M r {.M\ U ^2 U • • • U U 2z?(n, k ); p). The following lemma gives 
a deterministic necessary condition that “small” ^-components of 1Z must satisfy, regardless of 
the initial set U of inactive vertices. Recall that the set of vertices that remain inactive at the end 
of the process is precisely the vertex set of the (2k + 2)-core of the subgraph induced by U. 


Lemma 13. Given any r, k,t,n E N (with even n) satisfying 


2r < 2k + 2 < t < n/2, 

let be a k-admissible r-tuple of perfect matchings of the vertices in [n] 2 , and let U C [n] 2 be 
any set of vertices. Let U° C U denote the vertex set of the (2k + 2)-core of the subgraph of 

U ^2 U • • • U U ^f(n, k ) induced by U . Assuming that U° ^ 0, let 7 Z be the set of all cells 

in the t-tessellation T(n,t ) that contain some vertex in U°; and let B be an Im-component of 1Z 
of diameter at most n/2 in ^^(n, t). Then, U mus ^ cori ^ a * n a t least 4 vertices v\,V 2 ,v$,v± 
such that each m is matched by some matching of .JL to a vertex in U°. 

Proof. We hrst include a few preliminary observations that will be needed in the argument. Note 
that the condition 2k + 2 < t < n/2 implies that T(n,t ) has at least 2x2 cells, and also that 
the neighbourhood of any vertex in J£(n,k) has smaller horizontal (and vertical) length than the 
side of any cell in T(n,t) (so that the neighbourhood does not cross any cell from side to side, 
and does not wrap around the torus). Set A = [n] 2 \ U (we can think of A and U as the sets of 
initially active and inactive vertices, respectively), and define B = U namely the set of all 
vertices in cells in B. Any two vertices v and w that are adjacent in ££ (n, k ) must belong to cells 
at ^oo-distance at most 1 in T(n,t). In particular, if v E B and w fi B, then w must belong to 
some cell not in 7 Z (since B is an .^-component of 7Z). and therefore w E A (so w ^ U°). Finally, 
since the ^oo-diameter of B is at most n/2, B can be embedded into a rectangle that does not wrap 
around the torus [n] 2 . All geometric descriptions (such as ‘top’, ‘bottom’, ‘left’ and ‘right’) in this 
proof concerning vertices in B should be interpreted with respect to this rectangle. 

In view of all previous ingredients, we proceed to prove the lemma. Let vj (respectively, u B ) be 
any vertex in the top row (respectively, bottom row) of BnU°, which is non-empty by assumption. 
Suppose for the sake of contradiction that u T = v%. Then, B n U° has a single row, and the 
leftmost vertex v of this row has no neighbours (with respect to the graph jSf (n, k)) in U°. Indeed, 
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from an earlier observation, any neighbour of v lies either in B (and thus in a row different from 
B nU°) or in A (and then not in U°). Therefore, v has at most r < 2k + 2 neighbours in U° 
with respect to the graph .M\ U ^2 U • • • U U »£?(n, k), which contradicts the fact that v E U°. 
We conclude that vj / vr. Let vr (respectively, vr) be the topmost vertex in the leftmost column 
(respectively, rightmost column) of BnU°. Similarly as before, if v L = vj, then v l has at most k-\- 1 
neighbours in U° with respect to Jz?(n, k) (the ones below and not to the left of v L ), and thus at 
most r + k + 1 < 2k + 2 neighbours in U° with respect to M\ U .#2 U • ■ ■ U ./M r U Jf(n,k), which leads 
again to contradiction. Therefore, n L vj and, by a symmetric argument, vr / vr , vr 7 ^ u T and 
Vr / vr. This also implies v L / vr (since otherwise, v L = v? = v R ). Hence, the vertices n T , vr, Vr, v r 
are pairwise different, and each of them has at most 2k + 1 neighbours in U° with respect to the 
graph Jz?(n, k) (this follows again from the extremal position of Vj,Vr,Vr,Vr in B n t/°, together 
with the earlier fact that a neighbour of v € B not in B must belong to A). Therefore, Vj, vr, vr, u r 
must be matched by at least one matching in to other vertices in U°. □ 


The conclusion of this lemma motivates the following definition. A collection of sets of cells 
81,82, ..., B s C T(n, t) is said to be stable (w.r.t. a ^-admissible r-tuple of perfect matchings) 
if, for every set Bj, there are at least 4 vertices in Ucefij ^ that are matched by some perfect 
matching of to some vertex in (J? =1 UceB ^■ So the conclusion of Lemma 13 says that the 

In Section |3j 


-components of 1 Z must form a stable collection of sets with respect to kW 


small ioo- 

we showed that, for an appropriate choice of parameters, the set of cells that are active at the 
end of Phase 1 is a.a.s. contains an e-ubiquitous li-component (recall that we apply Phase 1 to 
M. 2 r(=% ? (n, k);p)). If this event occurs, then the set of cells that are active after Phase 2 (i.e. after 
adding a ^-admissible r-tuple .JK of perfect matchings, and resuming the strong-majority bootstrap 
percolation process) must also contain an e-ubiquitous fi-component, deterministically regardless 
of the matchings. In particular, the set of cells 1Z containing some inactive vertices at the end of the 
process must contain at most Aen 2 cells, and every subset of ^oo-components of 1Z must satisfy ([9]). 
Moreover, by Lemma 13 the collection of ^-components of 7 Z must be stable with respect to 
The following lemma shows that for a randomly selected ^-admissible perfect matching a.a.s. 
there is no proper set of cells 1Z satisfying all these properties. Therefore, assuming that Phase 1 
terminated with an e-ubiquitous set of active cells, Phase 2 ends with all cells (and thus all vertices) 
active a.a.s. 


Lemma 14. Let 0 < eo < 1/(2 A) be a sufficiently small constant (where A = 10 8 ). Given any 
e = e(n) E M, k = k(n ) E N, r = r(n ) E N and t = t(n ) E N satisfying (eventually for all large 
enough even n E N) 

1 < r < k, 0 < £ < £0 and 1 < kt 5 < min |(l/e) 1 ^ 4 ,n/log 6 n| , (20) 

consider the t-tessellation T(n, t) of [n] 2 , and pick a k-admissible r-tuple ^ of perfect matchings of 
the vertices in [n] 2 uniformly at random. Setn = [n/t\ 00 . Then, the following holds a.a.s.: for 

any 1 < s < Aen 2, and any collection of disjoint loo-connected sets of cells B\, B2, ■ ■ ■, B s satisfying 

min {diam^ (£,;)} < f . . log(n 2 /j) VI < j < s, (21) 

1 <*<? log(l/e) 

the collection B 1 , B2, ■ ■ ■, B s is not stable with respect to 


Proof. We assume throughout the proof that eo is sufficiently small and n sufficiently large, so that 
all the required inequalities in the argument are valid. In particular, by (20), k < (n — l)/2, so the 
neighbourhood with respect to f(n , k) of any vertex does not wrap around the torus. 
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Given 1 < s < Aen 2 , suppose there exists a collection of s pairwise-disjoint ^-connected sets 
of cells { 61 , 162 , ■ ■ •, B s } satisfying ( 21 ) and which is stable with respect to Assume w.l.o.g. that 
diam£ oo ( 6 i) > • • • > diarn^ {B s ). so in particular 


diam£ oo (6j) < di Vi E [s], where di = 


A 


log(l/e) 


log(n 2 /i). 


This implies that there must exist 4s distinct vertices v t g (i £ [s], f £ [4]) with the following 
properties. Let be the cell containing v^g, and let Z % D B, be the set of cells in T(n,t) within 
foe-distance di from Qp. (Note that not necessarily Z, L fl Zj = 0 for i / j .) Then, for each i E [s], 
the cells Ci i2 , ( 7 ^ 3 , (7i ,4 are within t^-distance di from Cyi (i.e. ( 7 ^ 2 , 0 , 3 , 0,4 E Zi). Moreover, 
putting Z = U-=i -2 'i and Z = \J CgZ C, matches each vertex v^g (i E [s], £ E [4]) with some 
vertex in Z. Let E s be the event that a tuple of 4s distinct vertices Vij with the above properties 
exists. We will show that it is very unlikely that E s holds, given a random fc-admissible r-tuple 
of perfect matchings. Given 1 < s < Aen 2 , let M s count the number of ways to choose 4s 
distinct vertices v^g (i E [s], i E [4]) so that, for each i E [s], the cells 0 , 2 , 0 , 3 , 0,4 belong to Zi. 
Also, define Mq = 1 for convenience. We will bound M s from above by M\ s / 2 \ times the number of 
choices for the remaining vertices v\ s / 2 \+i,g, • • • , v s,g £ [4]). Note that, if i > [s/2j + 1, for each 
choice of O, 1 , there are (2 di + l ) 2 < 9 d 2 < 9(d^ s / 2 j+i ) 2 choices for each 0,2 (£ E {2,3,4}) (since 
di > 1 for all i E [s]). Moreover, each cell C E T(n,t) has at most 4t 2 vertices. Therefore, 


M s < M [s/2i 


r ; /21 ) + .) 2 ) 3r ' /21 (4* 2 )“ r - /21 


< M Ls/2J 
= M [s/2 j 


en 

WA 

2 8 3 6 A 6 


fs/21 


9A 2 


log 2 (l/e) 


t 8 


n 


1 / fs/2l 


log 2 


log e 


/ n 2 

V L«/ 2 J + 1 

/ n 2 

V L*/2J + 1 


sr*/2i 

( 4t 2) 4 rv 2 i 


1-/21 


This combined with an easy inductive argument implies that, for every 1 < s < Aen 2 , 

t 8 


Ms < 10 7 A 6 


-(n 2 /s) log 6 (n 2 /s) 


log 6 (l/e) 

Now observe that, regardless of the choice of the 4s vertices Vig, 


\z\ <Y,\ Z i\ <Y,9di 2 = 


9 A 2 , 2/ ~ 2/n 9 A 2 

log 2 (n 2 /i) < 


2—1 


2—1 


l °S (1/e) 


log ( 1 /e) 


J^log {n 2 /i) 


042 042 1D4 2 

log 2 (n 2 s /s!) < —g— 7 —slog 2 (en 2 /s) < —^—— slog 2 (n 2 /s). ( 22 ) 


log 2 (l/e) 


l°g“(l/e) 


log"(1/e) 


We will use Lemma 12 to bound the probability P s that each vertex in S = {vi t g : i E [s],£ E [4]} 
is matched by a random A;-admissible perfect matching of ^ to a vertex in Z = (J cez O Let 
2 = |Z|, and recall \S\ = 4s with s < Aen 2 . Then, from (22) and the fact that each cell has at 
most 4t 2 vertices, we get 


40 A 

z < 4t 2 |iJ| < r — ftt—— [n/tj 2 log 2 (l/(Ae)) < 40A 3 en 2 . 


— i„„2 


log-( 1 /e) 


( 23 ) 


Our assumptions in (20) imply r < k < (1/e) 1 / 4 . Using this fact and (23), yields 


4 erz < 160eA 3 e 3,/4 n 2 < n 2 /2 


18 




















and also 


z + 2(4 k + r + 2) 2 (4rs) < z + 400A: 3 s < 40A 3 en 2 + 400(l/e) 3 / 4 Aen 2 < n 2 /2, 


which are the two conditions we need to apply Lemma 12 Hence, by Lemma 12 and using (22) 
and the first step in (23), 


P s = (16 rz/n 2 ) 2s < (64rf 2 |iJ|/n 2 ) 2s < 
We conclude that, for 1 < s < Aen 2 , 


640A 2 r 

log 2 (l/e) 


(s/n 2 ) log 2 (?r 2 /s( 


2s 


Pr (E s ) < M S P S < ( 10 13 A 10 


r 2 t 8 


log 10 (l/e) 


(s/n 2 ) log 10 ( n 2 /s ) ) < (l0 13 H 11 r 2 t 8 e) s < 8 s / 2 , 


where we used (20) and the fact that £q is sufficiently small. Summing over s, since the ratio 
Pr(£ s ^.i)/Pr(£ s ) < e 1 / 2 <1/2 and using (po]) once again, 


[Aen 2 J 

^ Pr(E s )<2Pr(E 1 ) = 0 


S =1 


r 2 t 8 log 10 n 


n* 


= O 


r 2 t w log 10 n 


n* 


= o(l). 


□ 


We have all the ingredients we need to prove our main result. 


Proof of Theorem [3| Pick a sufficiently small constant po > 0, and suppose p, k and r satisfy <§• 
Define t and e as in (13), so the conclusion of Proposition 11 is true for the 2r-majority model 
(note that 2 r < p/c/9). Moreover, let 8 q = p o 100 , and assume that £q is small enough as required 


100 < p iUU < £ 0 . Note that our choice of k, r, e and t 


by Lemma Jl4| We have e < (^y^ log(l/p)) 
trivially satisfies ( p0| ). 

Let U C [n] 2 be the initial set of inactive vertices, and let U° be the (2k + 2)-core U° of the 
subgraph of 2if*(n,k,r) induced by U (i.e. the final set of inactive vertices of M r (2z?*(n, k, r)\p)). 
Let 1Z be the set of cells in P(n,t) — [L n /^J] 2 that contain some vertex in U°. Since U° is 
contained in the (2k — r + 2)-core of the subgraph of «£f(n, k) induced by U (i.e. the final set of 
inactive vertices of M 2 r (2z?(n, /c);p)), Proposition 11 shows that a.a.s. the set of cells [|yi/tj] 2 \ P 


contains an e-ubiquitous ^i-component. Therefore, the £oo-components of 1Z. namely ... ,B S , 
must satisfy properties (iii) and (iv) in the definition of e-ubiquitous and, by Lemma 13, must 
be a stable collection of sets of cells with respect to a random r-tuple .AC of /c-admissible perfect 
matchings of [?r] 2 . Finally, Lemma 14 claims that a.a.s. there are no such stable collections, and 
therefore U must be empty. This concludes the proof of the theorem. □ 
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